This paper studies the propagation of disturbances in an initially stress-free elastic circular rod. Starting from the Mindlin-Hermann equations, we derive a fourth-order partial differential equation as the governing equation for small axial-radial deformations in a rod composed of an incompressible material. Then, we consider an initial-value problem with an initial singularity in the shear strain. Using the technique of Fourier transforms, we manage to express the physical quantities in terms of integrals. The classical method of stationary phase is first used to obtain some important information. However, for material points in a neighbourhood behind the shear-wave front, the phase function of the integrals has a stationary point which approaches positive infinity. Consequently, the classical method of stationary phase fails completely. Here, instead, we use a new method developed by us (Dai & Wong 1994 Wave Motion 19, 293-308) to handle this case. An asymptotic expansion for the shear strain, which is uniformly valid in a neighbourhood behind the shear-wave front, is derived. This uniform asymptotic expansion reveals that for the shear strain there is a transition from 0(1) disturbance to O(t~*) disturbance as the distance to the shear-wave front increases. We also find that the shear strain has three other jumps in terms of asymptotic orders. The first jump is from a larger O(t~$) disturbance to a smaller O(t~ ) disturbance behind and ahead of the bar-wave front. The second jump is from a larger 0(1) disturbance to a smaller O(t~l) disturbance behind and ahead of the bar-wave front. This also implies that in an asymptotic sense the initial singularity in the shear strain will be preserved and propagates with the shear-wave speed as time progresses. The third jump is from a smaller O(f~') disturbance to a larger O(t~i) disturbance behind and ahead of a third wave front.
Introduction
Asymptotic methods have been found to be very powerful tools in elastic waves. In (Achenbach, 1974; Miklowitz, 1978) , there are excellent examples on the applications of some classical asymptotic methods, such as the method of stationary phase, the Laplace method and the steepest descent method, to problems of wave propagation in elastic solids. The above-cited two books were written in the seventies. Since then, tremendous progress has been made in asymptotic methods of integrals. In particular, recently developed methods of uniform asymptotic expansions has proved very useful in the theory of special functions. For example, using these techniques, Temme (1975) treated the incomplete gamma functions, Ursell (1984) considered the Legendre functions of large degrees, and Frezen and Wong (1988) studied the Laguerre polynomials. For a detailed account of these methods, we refer to (Wong, 1989, Chapter VII) .
On the more physical side, these methods have been used in areas such as electromagnetic waves, waves in fluids and chemical physics; see (Felsen & Marcuvitz, 1972; Martin & Wickham, 1992) . However, it seems that these powerful methods have not been widely adopted in the field of elastic waves, although many integrals that arise in that field are of the similar types to those in the theory of special functions. In a previous work (Dai & Wong, 1994) , these techniques were used to study the transient waves in an elastic layer. By the uniform asymptotic expansion obtained, we were able to reveal that there is a transition of asymptotic orders as the distance to the shear-wave front increases. We also found that the vertical acceleration has a jump in asymptotic orders across the shear-wave front. Here, we shall apply the methods of uniform asymptotic expansions to study the propagation of disturbances in an elastic circular rod composed of an incompressible material. It will be seen that the uniform asymptotic expansion obtained can be used to deduce important physical information.
In this paper, we consider disturbances superimposed on an initially stress-free rod. In a sequel paper, the effects of pre-stresses on the propagation of disturbances in a rod composed of a general incompressible hyperelastic material will be studied. Here, in particular, we shall consider an initial-value problem with an initial singularity in the shear strain. The purpose is then to examine analytically how this singularity propagates and determine the physical characteristics of the disturbances as time progresses.
We start with the Mindlin-Herrmann equations, which model small axial-radial deformations in an initially stress-free elastic circular rod. Under the limit of incompressibility, a fourth-order partial differential equation is derived, which provides the governing equation for the problem in hand. An initial condition with a singularity in the shear strain is then imposed. Next, we give a discussion on the dispersion relation. The wave frequency, the group velocity and the derivative of the group velocity are analysed and some critical values are identified. Then, we use the technique of Fourier transforms to solve this initial-value problem. As a result, the physical quantities are expressed in terms of integrals of inverse-Fourier-transform type. To go further, we carry out an asymptotic analysis for these integrals. First, we use the classical method of stationary phase to deduce the asymptotic orders for the shear strain when Z// (Z is the space variable and t is the time) takes fixed values. However, it is found that, when Z/r takes such a value that the material point is in a neighbourhood behind the shear-wave front, there is a stationary point which tends to positive infinity. As a result, the classical method of stationary phase does not apply. We then use a technique of uniform asymptotic expansions developed by us (Dai & Wong, 1994) to analyse the contribution from that point. The theoretical results in the above-cited paper are first summarized. Then, by a thorough and careful analysis, it is shown that the results in that paper are indeed applicable to the present problem. Consequently, a uniform asymptotic expansion for the shear strain, expressed in terms of a Bessel function, is obtained. The mathematical results are then used to interpret the physics of the problem. In the final section, the main results obtained in this paper are summarized.
Hie initial-value problem
We shall consider axisymmetric motions of an elastic rod composed of homogeneous, isotropic, incompressible materials. In an undistorted reference configuration, the rod is a circular cylinder of radius a and infinite length. We introduce the cylindrical coordinates (R, &, Z) and (r, 6, z) in the reference and current configurations, respectively, and let the axis of the rod be along the Z-axis. Then, the motion may be described by r = r (R,Z,t) , (R, Z, t) . However, to proceed further, we shall introduce an approximation to this function. Any structure, no matter how small, is always three-dimensional. But, when the longitudinal dimension is much larger than the two lateral dimensions, it is reasonable to expect that approximate one-dimensional equations can give a good description of the motions of that structure. Here, we shall assume that the radius of the rod is small and as a first approximation the axial disturbance is a function of the axial coordinate and the time only, that is,
(2.6) Then, from (2.5), we have
Physically, equation (2.7) implies that during the motion plane cross-sections remain plane and normal to the rod axis. Substituting (2.7) into (2.3), taking integration with respect to R, and using the condition r = 0 at R = 0, we obtain e = S(Z, t) (2.8) with
We point out that in the literature (Mindlin & Hermann, 1950; Wright, 1982; Coleman & Newman, 1990; Cohen & Dai, 1993; Dai, 1996) , equations (2.6) and (2.8) have been used as a combined assumption on the kinematics. Here, we see that for incompressible materials, (2.8) actually follows from (2.6). Using (2.6) and (2.8), and neglecting nonlinear terms, Mindlin and Herrmann (1950) (see also (Graff, 1991, p. 514) ) derived the following equations (in terms of the notation used in this paper):
10)
where p is the constant density of the material, a is the radius of the rod, A and /i. are the Lame" elastic constants, and K and *] are two coefficients artificially introduced to model better the actual three-dimensional motion. Here, we shall let K and K, take their original values, that is,
From (2.10) and (2.11), by eliminating A, we have
where
is the speed of the infinitesimal shear waves. Substituting (2.7) into (2.9), and neglecting nonlinear terms, we obtain
Substituting (2.15) into (2.13) gives
Obviously, £ also obeys the same equation, that is,
The other physical quantities can be easily expressed in terms of e and W. For example, the expression for the shear strain is 18) and the expression for the shear stress is
Elastic waves in a rod which is not pre-stressed have long been studied and for an overall review we refer to two survey papers by Thurston (1978 Thurston ( , 1992 . However, although asymptotic results for transient waves in elastic rods are available (Miklowitz, 1978; Wright, 1984; Thurston, 1978 Thurston, , 1992 , none of them is uniformly valid with respect to the spatial variable. Here, we shall construct the uniform asymptotic expansions for the disturbances. It turns out that these expansions are very useful and important physical information can be deduced from them.
We shall consider an initial-value problem by imposing proper initial conditions on equation (2.17). The purpose is to examine the large-time behaviour of the transient waves. More specifically, we suppose the following:
where /(Z) is a given function. For simplicity, we further assume that (0 f,fz,fzz.fzzz-*0 asZ-+±°o; (2.21)
is an even function; (iii) the derivative of/(Z) at Z = 0 does not exist. With assumption (ii), it can be seen that this problem is symmetric with respect to Z. As a result, without loss of generality, we only need to consider the part Z > 0. The third assumption asserts that initially the shear strain has a singularity at Z = 0 (cf. (2.18)). Initial conditions (2.20) may be regarded as a result of an initial concentrated radial expansion or contraction at Z = 0 being released at time t = 0. An example is that flZ (2.22) where A and B > 0 are two constants, measuring the amplitude and width of the disturbance, respectively. If A is positive or negative, it implies that initially there is a radial expansion or contraction. We shall then proceed to find out how this singularity propagates and determine the physical characteristics of the disturbances as time progresses.
Dispersion relation
For small disturbances propagating along a rod, the dispersive effects are essential. Thus, we first give a discussion on the dispersion relation that arises in the physical problem. Substituting where i is the unit imaginary number, into equation (2.17), we find that
Here k is the wave number and to is the wave frequency. Equation (3.2) is the so-called dispersion relation. We observe that to is a function of k 2 . As eventually we will be dealing with the absolute value of to, without loss of generality we assume that to is non-negative. Then, from (3.2), we have We note that <o is an even function of k. From (3.3), we find the following asymptotic expansions for the wave frequency: when we carry out an These asymptotic expansions will be needed later asymptotic analysis for the propagating disturbances.
From (3.3), the group velocity can be easily calculated and is given by
We note that the group velocity c g is an odd function of k. The profile of the group velocity has been plotted in Figure 1 . From there we see that at ak = 0 the group velocity is y/3v 0 . Then, as ak increases, c g decreases. After ak reaches the value ak 0 , where the derivative of the group velocity is equal to zero, c g increases with ak. Eventually, c g tends to the value v 0 as ak approaches positive infinity. The asymptotic expansions of the group velocity for small or large k can be easily calculated and are given by and
•±oo.
(3.7) (3.8)
The derivative of the group velocity will also be needed in determining the asymptotic results for the propagating disturbances and we shall denote it by D g . Differentiating (3.6) with respect to k, we obtain This value will be needed when we carry out the asymptotic analysis.
(3.10)
Formulation as integrals
To solve the initial-value problem (2. As f*(k) and o*(k) are real and even, it can be seen that the second term is the complex conjugate of the first term. Thus, we have
The expression for the shear strain can be obtained from (2.18) and is given by
where Im[] represents the imaginary part.
Uniform asymptotic expansions for the shear strain and shear stress near the shearwave front
In the previous section, through Fourier transforms, we managed to express the physical quantities in terms of integrals of inverse-Fourier-transform type. To proceed further, one may use numerical integrations. However, as the integration interval of these integrals is from negative infinity to positive infinity, in practice it may be difficult to evaluate these integrals numerically. More importantly, for material points close to the shear-wave front Z = v o t, the results obtained by numerical integrations might not be reliable, since for that part the major contributions come from infinity (this will become clear later from our asymptotic analysis). Another disadvantage of numerical integrations is that it is difficult to deduce qualitative information from numerical data. Here, instead, we shall attack this problem analytically by constructing asymptotic expansions. The shear strain is expressed in terms of an integral in equation (4.8). Splitting that integral into two, we have According to the method of stationary phase, the major contribution to K x for large time comes from points where the phase function (o{k) -kZ/t is stationary, that is, from the so-called stationary points at which
In the following, we shall let Z/t take positive fixed values. For K 2 , as c g is always positive for k s*0, the phase function co(k) + kZ/t cannot be stationary if Z/t is positive. According to the results (in particular, (3.22)) in (Wong, 1989 , Section 3, Chapter 2), K 2 is of O(t~2). (For this case, the second series in (Wong, 1989, (3.22) ) is absent and the two parameters p and A in that equation, which determine the asymptotic behaviour, are equal to 1 and 2, respectively.) Next, we shall consider the integral K t in detail. From Fig. 1 , it can be seen that if c o^Z /t =s/3v 0 , (5.5) has at least one root, say, denoted by k u Let us first consider the case when k\ is finite and dc g /dk #0. Such a stationary point gives an O(t~^) contribution to K u according to (Wong, 1989, (3.22) ) (for this case, the two parameters p and A in that equation are equal to 2 and 1, respectively). As K 2 is of O(t~2), from (5.1), we conclude that the shear strain is of O(t'^) in this case.
If Z/t = c 0 = 0-9127v 0 , then there is a stationary point at k t = k 0 (cf. Fig. 1 ). At this point, dc g /d& = 0 (we shall refer to such a point as a double stationary point). Then, according to (Wong, 1989, (3.22) ) (for this case, p = 3 and A = 1 in that equation), this point yields an O(t~^) contribution to K t . Thus, in this case, the shear strain is of O(r"i).
If Z/t = /3v 0 , from Fig. 1 it can be seen that the stationary point is at &, = 0. Also, at this point dc s /dk = 0. By applying (Wong, 1989, (3.22) ) to K u we find that K x is of O(t~$) (for this case, p = 3 and A = 2 in that equation). Thus, the shear strain is of O(t~$) in this case.
Finally, we consider fixed Z/t and = v o -S, 0<5«l (5.6) (corresponding to the neighbourhood immediately behind the shear-wave front Z = v o r). From Fig. 1 it can be seen that in this case there are a finite stationary point and another stationary point which tends to positive infinity as 5 tends to zero. For the first point, as discussed above, it gives an O(t~^) contribution to K t . While, for the second stationary point, the classic method of stationary phase fails completely. In the following, we shall use a method of uniform asymptotic expansions constructed in a previous work (Dai & Wong, 1994) to deduce the contribution from that point. We shall first summarize the theoretical results obtained in that paper and then apply them to the present problem.
i. Theoretical results in (Dai & Wong, 1994) Consider the integral
We suppose that a(k) is an infinitely differentiable function in (0, +°°) (In (Dai & Wong, 1994) , the required interval is (-00 , +°°). But, from the proof in Section 3 of that paper, it can be seen that actually only integrals in the interval (0, +°°) were used. Thus, the interval in which a(k) and <o(k) are infinitely differentiable can be relaxed to (0, +°°).) and has an asymptotic expansion of the following form:
as *->+«., (5.8) with v > 0 and a 0 ¥= 0, which can be differentiated term by term any number of times. It is also assumed that a>(k) is a non-negative function of k 2 , infinitely differentiable in (0, +°°) and has the following asymptotic expansion: (it can be seen that k x tends to positive infinity as <f> tends to 0 + ); furthermore, the contribution to the intergal /(Z, t) from this point is given by
as t-* +°c, uniformly valid for bounded tA 2 (4>). In (5.12), M is any given positive integer and N is a positive integer chosen according to
The function // ( Ji,_v() is the Hankel function of the first kind and
The coefficients g m {m ^ 1) can be determined by the procedure stated in (Dai & Wong, 1994, pp. 301-302) . In particular,
ii. Application to the present problem
Comparing the integrals in (4.8) and (5.7), we see that
The asymptotic expansion of f*(k) can be deduced from (4.5). The function/(Z) is given and we assume that its Fourier transform converges uniformly for any k in (0, +oo). As a result, f*(k) is infinitely differentiable in (0, + 00 ), and so is a(k). Further, we suppose that the given function f(Z) is infinitely differentiable in (0, + °°) and has the following asymptotic expansion: We also assume that (5.17) can be differentiated term by term infinitely many times and each of the integrals
converges uniformly for all sufficiently large k. Upon imposing these conditions on /(Z), (Wong, 1989, p. 199 , Theorem 1) (also see (Dai & Naylor, 1992) ) is then applicable. Accordingly we have Under the conditions imposed on /(Z), the results given in (Wong, 1989, pp. 199-200) This is 0(1) contribution, and it implies that the shear strain will not diminish as time increases. As mentioned before, besides the stationary point which tends to positive infinity, there is also a finite stationary point. But the contribution to the shear strain from that point is of O(t~ty and can be neglected for a one-term approximation. Next, we consider the case A(<fi)t -> +°°. The asymptotic behaviour of / 0 () gives This is at least of 0(/~i), as A(<f>) is at most of O(f~i) (that is, <f> is at most of 0(r~')). Thus, the contribution from the finite stationary point can again be neglected for a one-term approximation.
We now proceed to further discussion of the physical implications of the mathematical results we have obtained.
From ( (corresponding to the neighbourhood immediately ahead the shear-wave front), it can be seen from Fig. 1 that there is only one finite stationary point. As mentioned before, that point gives an 0(f~*) contribution. Thus, for the shear strain there is a jump from an 0(1) disturbance behind the shear-wave front to an 0(/"i) disturbance ahead of the shear-wave front. This also implies that in an asymptotic sense the initial singularity in the shear strain will be preserved and propagate with the shear-wave speed v 0 as time progresses. Consider fixed Z/t and 8, 0<5«l. (5.33) This represents points in the neighbourhood immediately ahead of the bar-wave front Z = /3v o r. (Since y/3v 0 is the one-dimensional bar speed for incompressible materials, see (Wright, 1982) , we refer to Z = J3v o t as the bar-wave front.) From Fig. 1 it can be seen that for such a value of Z/t there is no stationary point. Then, for large /, the integral in (4.8), which represents the shear strain, is of O(t~x) according to (Wong, 1989, (3.22) ) (for this case, p = 1 and A = 1 in that equation Fig. 1 that there is no stationary point. As a result, for such Z/t, the shear strain is of 0(f~') (cf. the discussion in the previous paragraph). However, at Z = c o t, there is a double stationary point, which gives an O(t~ty contribution. Thus, for the shear strain, there is a jump from an order 0(r~') disturbance behind the wave front Z = c o t to an 0(r~*) disturbance ahead of the same wave front. This is a jump from a smaller disturbance to a larger disturbance, in contrast to the two jumps discussed above.
From all the asymptotic results obtained, we can also conclude that for the shear strain the major disturbance is located in a neighbourhood behind the shear-wave front (from O(r^) up to O(l); elsewhere, it is at most O(t~^)).
As the shear stress is proportional to the shear strain (see (2.18) and (2.19)), all the conclusions we have deduced for the shear strain also apply to the shear stress.
Conclusion
In this paper, we have demonstrated the usefulness of methods of uniform asymptotic expansion of integrals in studying transient waves in an elastic rod. The uniformly valid results we obtained reveal important physical information. We list our main findings below:
(i) For the shear strain, there is a transition from 0(1) disturbance to 0(f~*) disturbance as the distance to the shear-wave front increases, (ii) Across the bar-wave front, the shear strain has a first jump from a larger O(t~$) disturbance behind to a smaller O(t~]) disturbance ahead, (iii) Across the shear-wave front, the shear strain has a second jump from a larger 0(1) disturbance behind to a smaller O(rty disturbance ahead. This also implies that in an asymptotic sense the initial singularity in the shear strain will be preserved and propagate with the shear-wave speed as time progresses, (iv) Across another wave front, the shear strain has a third jump from a smaller O(t~x) disturbance behind to a larger O(t~^) disturbance ahead, (v) The major part of the shear strain is located in a neighbourhood behind the shear-wave front (from O(t~^) up to 0(1)). Its asymptotic expression in that neighbourhood is provided by a Bessel function; see (5.28). The results are also summarized graphically in Fig. 3 .
